
The similarity of positive Jonsson theories in
admissible enrichments of signatures.

Yeshkeyev Aibat

Karaganda State University,
The Institution of Applied Mathematics

Karaganda, Kazakhstan

NSAC-2013,NOVI SAD,SERBIA
June 5-9, 2013

Yeshkeyev А.Р. aibat.kz@gmail.com



References

[W]. Volker Weispfenning. The model-theoretic significance of
complemented existential formulas. The Journal of Symbolic Logic,
Volume 46, Number 4, Dec. In 1981. - Pp. 843 - 849.

[BY]. Itay Ben-Yaacov. Compactness and independence in non first
order frameworks. Bulletin of Symbolic logic, volume 11 (2005), no.
A. - Pp. 28-50.

[TGM]. Mustafin T.G. On similarities of complete theories. //
Logic Colloquium ’90: proceedings of the Annual European
Summer Meeting of the Association for Symbolic Logic, - held in
Helsinki, - Finland, - July 15-22, - 1990, P. 259-265.

Yeshkeyev А.Р. aibat.kz@gmail.com



Agreements about positivness and ∆

Let L is the language of the first order.

At is a set of atomic formulas of this language.

B+(At) is containing all the atomic formulas, and closed under
positive Boolean combination and for sub-formulas and substitution
of variables.

L+ = Q(B+(At) is the set of formulas in prenex normal type
obtained by application of quantifiers (∀ and ∃) to B+(At).

B(L+) is any Boolean combination of formulas from L+

∆ ⊆ B(L+)
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∆-Homomorphism

Let M and N are the structure of language, ∆ ⊆ B(L+).
The map h : M → N ∆-homomorphism (symbolically
h : M ↔∆ N, if for any ϕ(x̄) ∈ ∆, ∀ā ∈ M such that M |= ϕ(ā),
we have that N |= ϕ(h(ā))).
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Morphisms of ∆-PJ-theories

The model M is said to begin in N and we say that M continues to
N, with h(M) is a continuation of M. If the map h is injective, we
say that h immersion M into N (symbolically h : M ←→∆ N). In
the following we will use the terms ∆-continuation and
∆-immersion.
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∆-Joint Embedding Property and ∆-Amalgamation
Property

Definition
The theory T admits ∆− JEP , if for any A,B ∈ ModT there are
exist C ∈ ModT and ∆-homomorphism’s h1 : A→∆ C ,
h2 : B →∆ C .

Definition
The theory T admits ∆− AP , if for any A,B,C ∈ ModT with
h1 : A→∆ C , g1 : A→∆ B , where h1, g1 are ∆-homomorphism’s,
there are exist D ∈ Modt and h2 : C →∆ D, g2 : B →∆ D where
h2, g2 are ∆-homomorphism’s such that h2 ◦ h1 = g2 ◦ g1.
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∆-PJ theory

Definition
The theory T is called ∆-positive Jonsson (∆− PJ) theory if it
satisfies the following conditions:

1 T has an infinite model;
2 T positive ∀∃-axiomatizable;
3 T admits ∆− JEP ;
4 T admits ∆− AP .

When ∆ = B(At) and we shall consider only ∆-immersions, we
obtain the usual Jonsson theory, the difference only that it has only
positive ∀∃-axiom.
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The lattice of positive formulas

Let ϕ,ψ ∈ PEn(T ) and ϕ ∩ ψ = 0, where 0 - 0 lattice PEn(T ).
Then ψ is called the complement of ϕ, if ϕ ∪ ψ = 1, where 1 - 1 of
the lattice PEn(T ); ψ is a weak complement of ϕ, if for all
µ ∈ PEn(T ) (ϕ ∪ ψ) ∩ µ = 0 ⇒ µ = 0. ϕ is called weakly
complemented, if ϕ has a weak complement. PEn(T ) is called
weakly complemented if every ϕ ∈ PEn(T ) is weakly
complemented.
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The perfectness of Jonsson’s theory

Theorem 1. [AY]

Let T - complete for ∃-sentences Jonsson’s theory. Then the
following conditions are equivalent:

1 T is perfect;
2 T ∗ is model companion of T ;
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Totaly categorical Jonsson universal

Well known the following question : Is there exist ω-categorical but
non ω1-categorical universal?
If we have proposed the negative answer , then in the frame of such
Jonsson universal we can obtain that the center of this one is not
finite-axiomatizable.
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Model completeness

Theorem 2. [HML]
1 The theory T is model complete if and only if every formula is

persist with respect to the submodels ModT .
2 The theory T is model complete if and only if every formula is

persist under extensions of models in ModT .
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Positive model-completeness

Theorem 3. [W]

Theory T positively model-complete if and only if each
ϕT ∈ En(T ) has a positive existential complement.
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Relation between completeness and model-completeness

Theorem. [Lin]

Let T - a complete inductive theory and κ-categorical, where κ ≥
card(L). Then theory T is model complete.
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Relation between completeness and model-completeness

Theorem 4. [AY]

Let T - perfect Jonsson theory. The following conditions are
equivalent:

1 T - is complete;
2 T - is model complete.
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Positively existentially closeness

Definition
The model A of the theory T is ∆-positively existentially closed, if
for any ∆-immersion h : A→∆ B and any ā ∈ A and ϕ(x̄ , ȳ) ∈ ∆,
B |= ∃ȳϕ(h(ā), ȳ)⇒ A |= ∃ȳϕ(ā, ȳ).
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Invariantness of existential formulas

Theorem 5. [W]

Existential formulas ϕ is invariant in Mod(Th∀∃(ET )), where E (T )
- the class of existentially closed models of T , if and only if ϕT is
weakly complemented in E (T ).
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Model companion and model completion

Theorem 6. [HML]
1 Let T ′ - a model companion of the theory T, where T - the

universal theory. In this case, T ′ - a model completion of T, if
and only if the theory T admits elimination of quantifiers.

2 Let T ′ - a model companion of T. In this case, T ′ - a model
completion of T, if and only if the theory T has the
amalgamation property.
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Existence of model completion

Theorem 7. [W]

The theory T has a model completion if and only if En(T ) - algebra
of Stone.

Theorem 8. [W]

The theory T has a model completion if and only if each
ϕT ∈ En(T ) has a weak quantifier-free complement.
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Elimination of quantifiers

Theorem 9. [AY]

Let T - complete for the Σ+-sentences ∆− PJ theory, T ∗∆ - center
of the theory of T. Then

1 T ∗∆ admits elimination of quantifiers if and only if every
ϕ ∈ PEn(T ) is quantifier-free complement;

2 T ∗∆ ∆− PJ-positively model-complete if and only if every
ϕ ∈ PEn(T ) is a positive existential complement.
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∆− PJ-perfectness

Theorem 10. [AY]

Let T – ∆− PJ-theory. Then the following conditions are
equivalent:

1 T – ∆− PJ-perfect;
2 PEn(T ) is complemented weak;
3 PEn(T ) - Stone lattice.
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The properties of centre

Theorem 11. [AY]

Let T – ∆− PJ-theory. Then the following conditions are
equivalent:

1 T ∗∆ – ∆− PJ-theory;
2 each ϕ ∈ PEn(T ) has a weak quantifier-free complement.

Yeshkeyev А.Р. aibat.kz@gmail.com



Enrichment of signatures of ∆− PJ theories

Let T is an arbitrary ∆− PJ theory in first order signature σ. Let C
is a semantic model of T. A ⊆ C . Let σΓ(A) = σ ∪ {ca|a ∈ A} ∪ Γ,
where Γ = {P} ∪ {c}. Let consider the following theory
TPJ

Γ (A) = Th∀∃+(C , a)a∈A ∪ {P(ca|a ∈ A)} ∪ {P(c)} ∪ {”P ⊆ ”},
where {”P ⊆ ”}, is infinite set of the sentences, expressing fact,
that the interpretation of the symbol P is existentially closed
submodel in the signature σ. The requirement of existential
closeness for a submodel is essential in that sense, that it should
not be finite . This theory is not necessary complete.
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Central type

Let consider all completions of T ∗ for T in σΓ, where
Γ = {P} ∪ {c}. Due to that T ∗ is ∆− PJ-theory, it has its center
and we call it as TC . By a restriction of TC till a signature
σ ∪ {P} theory TC became complete type. This type we call as
central type of theory T. It will be noted that all semantic models
are elementarily equivalent between each other.
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Stability

Let SPJ
Γ is the set of all ∃+-completions of a theory TPJ

Γ (A). Let λ
is an arbitrary cardinal. ∆− PJ theory is J-P-λ-stable, if

∣∣SPJ
Γ

∣∣ ≤ λ
for any A, such that |A| ≤ λ.
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Stability

Theorem. [AY]

Let T be a ∃+-complete perfect ∆-PJ theory. Then the following
conditions equivalent:

1 theory TC is P-λ-stable
2 theory T ∗ is J-P-λ-stable.
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Syntactical similarity

Let Fn(T ), n < ω, be the of formulas of T with exactly n free
variables v1, . . . , vn and F (T ) =

⋃
n Fn(T ).

Definition
Complete theories T1 and T2 are syntactically similar if and only if
there exists a bijection f : F (T1)→ F (T2) such that:

f � Fn(T1) is an isomorphism of the Boolean algebras F (T1)
and F (T2), n < ω;
f (∃vn+1ϕ) = ∃vn+1f (ϕ), ϕ ∈ Fn+1(T ), n < ω;
f (v1 = v2) = (v1 = v2).
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Syntactical similarity of ∆− PJ theories

Let T is arbitrary ∆−PJ-theory, then E+(T ) =
⋃

n<ωE
+
n (T ), where

E+
n (T ) - is the lattice of positive existential formulas with exactly n

free variables.

Let T1 and T2 - ∆− PJ-theories.

We shall say that, T1 и T2 - ∆− PJ-syntactically similar, if and
only if there exist a bijection f : E+(T1)→ E+(T2) such that

1 the restriction of f up E+
n (T1) is isomorphism of the E+

n (T1)
and E+

n (T2), n < ω;
2 f (∃vn+1ϕ) = ∃vn+1f (ϕ), ϕ ∈ E+

n (T ), n < ω,
3 f (v1 = v2) = (v1 = v2).

Yeshkeyev А.Р. aibat.kz@gmail.com



The definition of a polygon

Let us recall the definition of a polygon .

Definition

By a polygon over a monoid S we mean a structure with only unary
functions 〈A; fα:α∈S〉 such that
(i) fe(a) = a, ∀a ∈ A, where e is the unit of S ;
(ii)fαβ(a) = fα(fβ(a)),∀α, β ∈ S ,∀a ∈ A.
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Main result

Theorem 12. [AY]

Let T1 and T2 be ∃+-complete perfect ∆− PJ theories. Then the
following conditions equivalent:

1 T ∗1 and T ∗2 are ∆− PJ-syntactically similar;
2 TC

1 and TC
2 are syntactical similar as complete theories.
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∆− PJ theories and poligons

Corollary 1. [AY]

For each Σ-complete perfect Jonsson ∆− PJ theory there exist
∆− PJ syntactically similar a Σ-complete perfect Jonsson ∆− PJ
theory of polygons, such that its center is model complete.
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Semantically similarity

(1) By a pure triple we mean 〈A, Γ,M〉, where A is not empty set,
Г is a permutation group on A, and M is a family of subsets of A
such that M ∈ M ⇒ g(M) ∈ M for every g ∈ Γ.

(2) If 〈A1, Γ1,M1〉 and 〈A2, Γ2,M2〉 are pure triples, and
ψ : A1 → A2 is a bijection, then ψ is an isomorphism, if
(i) Γ2 = {ψgψ−1 : g ∈ Γ1};
(ii) M2 = {ψ(E ) : E ∈ M1}.
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Semantically similarity

Definition
The pure triple 〈|C |,G ,N〉 is called the semantically triple of T
(abbreviated s.t.), where |C | is the universe of C,G = Aut(C ) and
N is the class of all subsets of |C | which are universes of suitable
elementary submodels of C.

Complete theories T1 and T2 are semantically similar is and only if
their semantic triples are isomorphic.
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The relation between both types of similarities

Definition
A property (or a notion) of theories (or models, or elements of
models) is called semantic if and if it is invariant relative to
seemantic similarity.

Proposition 1. [TGM]

If T1 and T2 are syntactically similar, then and are semantically
similar. The converse implication fails.
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The list of model theoretical semantic properties

Proposition 2. [TGM]

The following properties and notions are semantic:
(1) type;
(2) forking;
(3) λ-stability;
(4) Lascar rank;
(5) Strong type;
(6) Morley sequence;
(7) Orthogonality, regularity of types;
(8) I (ℵα,T ) - the spectrum function.
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Conclude

By virtue of this notice we can say that all above mentioned
properties and notions from Proposition 2 in the class of centers
of ∃+-complete perfect ∆− PJ theories are semantic. Moreover if
we are consider above mentioned enrichments of signatures of such
theories and we will consider central types of ones we got that the
situation will not change. And finally it is appropriate to consider
the ∆− PJ-analogues of the list of semantic properties and notions
from classical model theory.
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Thanks a lot for your attention!
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