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String rewriting systems

Let X be a finite alphabet and X* the set of all words on X.

A string-rewriting system R on X is a subset of ¥* x ¥*.
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String rewriting systems

Let X be a finite alphabet and X* the set of all words on X.
A string-rewriting system R on X is a subset of ¥* x ¥*.

A single-step reduction relation on X* is defined by

u—v<=(3(l,r) e R) (3 x,y €eX*) u=xly and v = xry.

The reduction relation on X* induced by R is the reflexive, transitive
closure of — and is denoted by — .

The structure S = (X*, R) is called a reduction system.
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String rewriting systems

A word in X* is in normal form if we cannot apply a relation in R.

S is noetherian if Aw=wy — w; — wp — ---

S is confluent S is locally confluent
w w
X y X y
\\ *// \\ *//
NE ’ K s,
A A A L
V4 V4
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String rewriting systems

A word in X* is in normal form if we cannot apply a relation in R.
S is noetherian if Aw=wy — w; — wp — ---

S is confluent S is locally confluent

w w
X y X y
N * 7 N * 7
\\* // \\* //
A L A} L
z z

Facts:
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String rewriting systems

A word in X* is in normal form if we cannot apply a relation in R.
S is noetherian if Aw=wy — w; — wp — ---

S is confluent S is locally confluent

w w
* *
X\ ,y X\ ,y

N * *

Facts:

@ let p be the congruence generated by R. Then S is noetherian and
confluent implies every p-class contains a unique normal form.
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String rewriting systems

A word in X* is in normal form if we cannot apply a relation in R.
Sisnoetherianif Aw=wy — wg — wp — ---

S is confluent S is locally confluent

w w
* *
X\ ,y X\ ,y

N * *

Facts:

@ let p be the congruence generated by R. Then S is noetherian and

confluent implies every p-class contains a unique normal form.
@ If S is noetherian, then

confluent <= locally confluent.
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Free idempotent generated semigroups

Let S be a semigroup with E a set of all idempotents of S.
For any e, f € E, define

e<pfefe=eande<,f & ef —e.
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Free idempotent generated semigroups

Let S be a semigroup with E a set of all idempotents of S.
For any e, f € E, define

e<pfefe=eande<,f & ef —e.

Note e < f (e <. f) implies both ef and fe are idempotents.
We say that (e, f) is a basic pair if

e<pf,f<pee<sforf<,e

i.e. {e,f}N{ef,fe} # (); then ef, fe are said to be basic products.
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Free idempotent generated semigroups

Let S be a semigroup with E a set of all idempotents of S.

For any e, f € E, define
e<pfefe=eande<,f & ef —e.

Note e < f (e <. f) implies both ef and fe are idempotents.

We say that (e, f) is a basic pair if
e<pf,f<pee<sforf<,e

i.e. {e,f}N{ef,fe} # (); then ef, fe are said to be basic products.
Under basic products, E satisfies a number of axioms.

A biordered set is a partial algebra satisfying these axioms.

(Dandan Yang ) IG(E) over bands June 3, 2013 4 /17



Free idempotent generated semigroups

Let S be a semigroup with biordered set E.
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The free idempotent generated semigroup IG(E) is defined by
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Free idempotent generated semigroups

Let S be a semigroup with biordered set E.

The free idempotent generated semigroup IG(E) is defined by

IG(E) = (E : ef =ef, e,f € E,{e,f} N{ef,fe} # 0).
where E = {e: e € E}.
Facts:

Q ¢ :IG(E) — (E), given by &) = e is an epimorphism.
Q@ E=E(IG(E))
Note IG(E) naturally gives us a reduction system (E", R), where

R = {(&f,ef) : (e, f)is a basic pair}.

Aim Today: To study the general structure of IG(E), for some bands.
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IG(E) over semilattices

IG(E) is not necessarily regular.
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IG(E) over semilattices

IG(E) is not necessarily regular. Consider a semilattice
e f
g

Then e f € IG(E) is not regular.

What other structures does IG(E) might have?
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IG(E) over semilattices

Green’s star equivalences

For any a,b € S,

aLl*b < (Vx,y € S') (ax = ay & bx = by).
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Green’s star equivalences

For any a,b € S,
aLl*b < (Vx,y € S') (ax = ay & bx = by).

Dually, the relation R* is defined on S.
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IG(E) over semilattices

Green’s star equivalences
For any a,b € S,
aLl*b < (Vx,y € S') (ax = ay & bx = by).

Dually, the relation R* is defined on S.
Note £L C L*, R C R*.

Definition A semigroup S is called abundant if each £*-class and each
R*-class contains an idempotent of S.
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IG(E) over semilattices

Lemma (E", R) is locally confluent.
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IG(E) over semilattices

Lemma (E", R) is locally confluent.

(Ye<f f<g
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IG(E) over semilattices

Lemma (E", R) is noetherian.
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IG(E) over semilattices

Lemma (E", R) is noetherian.
Corollary Every element X7 - -+ X, € IG(E) has a unique normal form.
Theorem IG(E) is abundant, and so adequate.

Note Adequate semigroups belong to a quasivariety of algebras introduced
in York by Fountain over 30 years ago, for which the free objects have
recently been described.
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IG(E) over simple bands

Recall that a band E is a semilattice Y of rectangular bands E,, where
acY.
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zero band or a right zero band, for all a € Y.
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IG(E) over simple bands

Recall that a band E is a semilattice Y of rectangular bands E,, where
acY.

Definition A band E is called a simple band if each E, is either a left
zero band or a right zero band, for all a € Y.
Note We lose the uniqueness of normal form here!
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IG(E) over simple bands

Recall that a band E is a semilattice Y of rectangular bands E,, where
acY.

Definition A band E is called a simple band if each E, is either a left
zero band or a right zero band, for all a € Y.

Note We lose the uniqueness of normal form here! Consider the following
simple band

VRN
(bc] E a b c d e
NS ala b c d e
[e] bl|b b c e e
c|lb b c e e
d|d e e d e
ele e e e e
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IG(E) over simple bands

Recall that a band E is a semilattice Y of rectangular bands E,, where
acY.

Definition A band E is called a simple band if each E, is either a left
zero band or a right zero band, for all a € Y.

Note We lose the uniqueness of normal form here! Consider the following
simple band

VRN
(bc] E a b c d e
NS ala b c d e
[e] bl|b b c e e
c|lb b c e e
d|d e e d e
ele e e e e

Clearly cd=cad=cad=cad=bd
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IG(E) over simple bands

Note IG(E) does not have to be abundant.
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IG(E) over simple bands

Note IG(E) does not have to be abundant.

Let E = {a, b, x,y} be a simple band with

B [b]
\ / a b x vy
ala y x vy
bly b x vy
X|x y x y
yiy vy xy
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IG(E) over simple bands

Note IG(E) does not have to be abundant.

Let E = {a, b, x,y} be a simple band with

El

_—

5]

a b x vy
ala y x vy
bly b x vy
X|x y x y
yly v x vy

Note 3 b does not R*-related to any element in E.
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IG(E) over simple bands

Let U C E(S). Forany a,b€ S,

alyb < (Vee ) (ae =a< be=b).
aRyb < (Vee U) (ea=a< eb=b).
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IG(E) over simple bands

Let U C E(S). Forany a,b€ S,

alyb < (Vee ) (ae =a< be=b).
aRyb < (Vee U) (ea=a< eb=b).
Note £ C £L* C Ly, R C R* C Ry.

Definition A semigroup S with U C E(S) is called weakly U-abundant if
each Ly-class and each R y-class contains an idempotent in U, and U is
called the distinguished set of S.
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IG(E) over simple bands

Let U C E(S). Forany a,b€ S,

alyb < (Vee ) (ae =a< be=b).
aRyb < (Vee U) (ea=a< eb=b).
Note £ C £L* C Ly, R C R* C Ry.

Definition A semigroup S with U C E(S) is called weakly U-abundant if
each Ly-class and each R y-class contains an idempotent in U, and U is
called the distinguished set of S.

Definition A weakly U-abundant semigroup semigroup S satisfies the
congruence condition if EU is a right congruence and RU is a left
congruence.
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IG(E) over simple bands

Lemma For any e € E,,f € Eg, (e, f) is basic pair in E if and only if
(ar, B) is a basic pairin Y.
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IG(E) over simple bands

Lemma For any e € E,,f € Eg, (e, f) is basic pair in E if and only if
(ar, B) is a basic pairin Y.

Lemma Let # : S — T be an onto homomorphism of semigroups S and
T. Then a map

6 :1G(U) — IG(V)

defined by & 0 = ef for all e € U, is a well defined homomorphism, where
U and V are the biordered sets of S and T, respectively.
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IG(E) over simple bands

Let @ = wy -+ W, with w; € E,,, for 1 </ < k. Then
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IG(E) over simple bands

Let @ = wy -+ W, with w; € E,,, for 1 </ < k. Then

We choose i1, j1, i2, 2, ,ir € {1,-++ , k} in the following way:
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IG(E) over simple bands

Let @ = wy -+ W, with w; € E,,, for 1 </ < k. Then
We choose i1, j1, i2, 2, ,ir € {1,-++ , k} in the following way:

71 - Yi—1 Yi+1 Vi Y+l V-1 Yiet+1 oo Vig

N\ N\

Vi Yo oo Vi
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IG(E) over simple bands

Let @ = wy -+ W, with w; € E,,, for 1 </ < k. Then
We choose i1, j1, i2, 2, ,ir € {1,-++ , k} in the following way:

94! - Vi—1 Yi+1 Vi Y+l V-1 Vi1 - Vi

N\ N\

Vi Yo oo Vi

We call i, - - - , i, are the significant indices of .
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IG(E) over simple bands

Let @ = wy -+ W, with w; € E,,, for 1 </ < k. Then

We choose i1, j1, i2, 2, ,ir € {1,-++ , k} in the following way:

71 - Yi—1 Va+l Yo VAl V-1 Yie+1 - Vi
Yix Yio -+ i
We call i, - - - , i, are the significant indices of .

Lemma r and v, --- ,; are fixed for the equivalence class of a.
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IG(E) over simple bands

Lemma Suppose « = wy -+ Wy and S =X7 --- X; with a ~ 3 via smgle
reduction. Suppose that the significant indices of o and 3 are iy, - , i,
and z1,--- , z,, respectively. Then wy---w; R X1+ Xz.
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IG(E) over simple bands

Lemma Suppose « = wy -+ Wy and S =Xx1 --- X with a ~ 3 via smgle

reduction. Suppose that the S|gn|f|cant indices of o and (3 are iy, -+ , i,

and z1,--- , z,, respectively. Then wy---w; R X1+ Xz.

Lemma Let E be a simple band and X7 --- X, € IG(E) with normal forms
W Up=Vi - Vs

Then s = m and u; D v;, for all i € [1, m].
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IG(E) over simple bands

Lemma Suppose « = wy -+ Wy and S =Xx1 --- X with a ~ 3 via smgle

reduction. Suppose that the S|gn|f|cant indices of o and (3 are iy, -+ , i,

and z1,--- , z,, respectively. Then wy---w; R X1+ Xz.

Lemma Let E be a simple band and X7 --- X, € IG(E) with normal forms
Ui]_ umzvl VS'

Then s = m and u; D v;, for all i € [1, m]. In particular, we have

1 R vy and up L vy
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IG(E) over simple bands

Lemma Suppose « = wy -+ Wy and S =Xx1 --- X with a ~ 3 via smgle

reduction. Suppose that the S|gn|f|cant indices of o and (3 are iy, -+ , i,

and z1,--- , z,, respectively. Then wy---w; R X1+ Xz.

Lemma Let E be a simple band and X7 --- X, € IG(E) with normal forms
W Up=Vi - Vs

Then s = m and u; D v;, for all i € [1, m]. In particular, we have
1 R vy and up L vy

Theorem IG(E) over a simple band is a weakly abundant semigroup with
the congruence condition.
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IG(E) over simple bands

Lemma Suppose « = wy -+ Wy and S =Xx1 --- X with a ~ 3 via smgle

reduction. Suppose that the S|gn|f|cant indices of o and (3 are iy, -+ , i,

and z1,--- , z,, respectively. Then wy---w; R X1+ Xz.

Lemma Let E be a simple band and X7 --- X, € IG(E) with normal forms
W Up=Vi - Vs

Then s = m and u; D v;, for all i € [1, m]. In particular, we have
1 R vy and up L vy

Theorem IG(E) over a simple band is a weakly abundant semigroup with
the congruence condition.
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IG(E) over strong simple bands

Definition A band E is a strong simple band if it is a strong semilattice
of right/zero bands.
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IG(E) over strong simple bands

Definition A band E is a strong simple band if it is a strong semilattice
of right/zero bands.

Lemma Let « = wy -+ Wy and = X7 --- X; such that a ~ ( via single
reduction. Suppose that the significant indices of o and 3 are iy, - , i,
and z1,-- -, z,, respectively. Then

X1 ©0r Xz =Wq - WU

where [ € [1,r] and v € E.
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IG(E) over strong simple bands

Definition A band E is a strong simple band if it is a strong semilattice
of right/zero bands.

Lemma Let « = wy -+ Wy and = X7 --- X; such that a ~ ( via single
reduction. Suppose that the significant indices of o and 3 are iy, - , i,
and z1,-- -, z,, respectively. Then

where [ € [1,r] and v € E.

Lemma Let U7 -+ - Uy = V1 -+ - Vi € IG(E) be in normal form. Then
(i) uj L v; impliestq---wj=vg -V,

(i) ui R v; implies G-+ - Uy =V + * V.
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IG(E) over strong simple bands

Definition A band E is a strong simple band if it is a strong semilattice
of right/zero bands.

Lemma Let « = wy -+ Wy and = X7 --- X; such that a ~ ( via single
reduction. Suppose that the significant indices of o and 3 are iy, - , i,
and z1,-- -, z,, respectively. Then

where [ € [1,r] and v € E.

Lemma Let U7 -+ - Uy = V1 -+ - Vi € IG(E) be in normal form. Then
(i) uj L v; impliestq---wj=vg -V,

(i) ui R v; implies G-+ - Uy =V + * V.

Theorem IG(E) over a strong simple band is abundant.
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A key message

Thank you!
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