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Random graphs

Definition

A k-random graph is a graph (V, E) such that |V| = k that satisfies the
following extension property:

YUW € [VI"(UNW =0 = Jv € V(Vu € U vu € EAVw € W vw ¢ E)).
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Random graphs

Definition

A k-random graph is a graph (V, E) such that |V| = k that satisfies the
following extension property:

YUW e [VISF(UNW =0 = Fv e V(VuecUwvuc EANVw e W vw ¢ E)).

Rado graph - the unique Ng-random graph. )

Related structures: random digraphs, random tournaments, etc. J

Boris Sobot (Novi Sad) Random bipartite graphs June 5th, 2013 2/ 20



Random bigraphs

Definition

(k, A)-bigraph is a structure G = (X,Y, E), where (X UY, F) is a
digraph such that | X| =k, |Y|=Aand EC{zy: 2z € X,y e Y}
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Random bigraphs

Definition

(k, A)-bigraph is a structure G = (X,Y, E), where (X UY, F) is a
digraph such that | X| =k, |Y|=Aand EC{zy: 2z € X,y e Y}

We call X the left side, and Y the right side.
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Random bigraphs

Definition

(k, A)-bigraph is a structure G = (X,Y, E), where (X UY, F) is a
digraph such that | X| =k, |Y|=Aand EC{zy: 2z € X,y e Y}

We call X the left side, and Y the right side.
Fgw:{xGX:VueUmuéE/\VwEwagéE}
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Random bigraphs

Ifw={reX:VueUru€ EAVwEW zw ¢ E}
Definition

Let p < A. A (k,A)-bigraph (X,Y, E) is (s, A, pt)-random if

VU W €Y (UNW =0 =T #0).
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Ifw={reX:VYueUzue EAVwEW zw ¢ E}
Definition

Let p < A. A (k,A)-bigraph (X,Y, E) is (s, A, pt)-random if

VU W €Y (UNW =0 =T #0).

Definition

If u <k, a (k, A)-bigraph (XY, E) is (k, A, u)-dense if
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Random bigraphs

Ifw={reX:VueUru€ EAVwEW zw ¢ E}

Definition
Let p < A. A (k,A)-bigraph (X,Y, E) is (s, A, pt)-random if

VU W €Y (UNW =0 =T #0).

Definition

If u <k, a (k, A)-bigraph (XY, E) is (k, A, u)-dense if

VUW e X[ (UNW=0=FyecYNVMucUuyeE NVweWuwy¢E)).

If G satisfies both conditions we will call it (x, A, p)-random dense.
A (k, A\, Ng)-random bigraph is called just (k, A)-random.
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Random bigraphs

Ifw={reX:VueUsu€ EAVwEW zw ¢ E}

(K, A\, p)-random bigraph: YU, W € [Y]<* (UNW =0 = I'f y # 0).
(, A, )-dense bigraph:

YU W e X" (UNW=0=TyeYNVMueUuyeE AN VYweWuwy¢E)).
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Random bigraphs

FﬁW={x6X:VuEUwu6E/\VwEwa¢E}

(K, A\, p)-random bigraph: YU, W € [Y]<* (UNW =0 = I'f y # 0).

(, A, )-dense bigraph:

YU W e X" (UNW=0=TyeYNVMueUuyeE AN VYweWuwy¢E)).

Lemma
(a) In a (K, A, p)-random bigraph (X,Y, E) we can find for every disjoint

U,W € [Y]<F p-many vertices z € X that satisfy zu € F for all u € U and
zw ¢ E for all w € W.
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Random bigraphs

FﬁW={x€X:VuEUwueE/\VwEwa¢E}

(K, A\, p)-random bigraph: YU, W € [Y]<* (UNW =0 = I'f y # 0).

(, A, )-dense bigraph:

YU W e X" (UNW=0=TyeYNVMueUuyeE AN VYweWuwy¢E)).

Lemma

(a) In a (K, A, p)-random bigraph (X,Y, E) we can find for every disjoint
U,W € [Y]<F p-many vertices z € X that satisfy zu € F for all u € U and
zw ¢ E for all w € W.

(b) In a (k, A, u)-dense bigraph (X,Y, F) we can find for every disjoint

U, W € [X]<* p-many vertices y € Y that satisfy uy € E for all uw € U and
wy ¢ E for all w e W.
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Independent and dense families

s-random graph: YU, W € [V]<F(UNW =0 = Jv e V(Vu € U vu € EAVw € W vw ¢ E))
Definition

Let 1 < A. A family A = {A, : @ < A} of subsets of  is called

(K, A, p)-independent if

VUW e NMUNW =0= () 4N [ (5\ Aa) #0).

acU aceW
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The connection

Let A= {A,:a <A} be a (k, A, p)-independent family. Let X and YV
be disjoint sets of cardinalities k and A respectively. We enumerate
them: X = {z5: 8 <k}, Y ={yo : @« < A}, and define the relation
ECXxY:let 2gy, € Eiff 5 € Ay. Then (X,Y,F) is a

(K, A, u)-random bigraph.

ot (Novi Sad)

Random bipartite graphs June 5th, 2013 7/ 20



The connection

Let A= {A,:a <A} be a (k, A, p)-independent family. Let X and YV
be disjoint sets of cardinalities k and A respectively. We enumerate
them: X = {z5: 8 <k}, Y ={yo : @« < A}, and define the relation
ECXxY:let 2gy, € Eiff 5 € Ay. Then (X,Y,F) is a

(K, A, u)-random bigraph.

On the other hand, let G = (X, Y, E) be a (k, A, u)-random bigraph.
We enumerate X = {zg: f < k} and Y = {y, : &« < A} and define, for
each a € \, Ay = {f € k: 23yn € E}. Then {Ay:a < A}isa

(K, A, p)-independent family.
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Robustness

Lemma

Every bigraph obtained from a (k, A, u)-random bigraph (X, Y, E) by

(a) adding < k vertices to X (connected to arbitrary vertices from Y')

is also a (k, A, p)-random bigraph.
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Robustness

Lemma

Every bigraph obtained from a (k, A, u)-random bigraph (X, Y, E) by
(a) adding < k vertices to X (connected to arbitrary vertices from Y')
(b) removing < p vertices from X

(c) removing < A vertices from Y’

(d) replacing < p edges with non-edges and < p non-edges with edges
is also a (k, A, p)-random bigraph.
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Robustness

Lemma

Every bigraph obtained from a (k, A, u)-random bigraph (X, Y, E) by
(a) adding < k vertices to X (connected to arbitrary vertices from Y')
(b) removing < p vertices from X

(c) removing < A vertices from Y’

(d) replacing < p edges with non-edges and < p non-edges with edges
is also a (k, A, p)-random bigraph.

Lemma

Let p be a regular cardinal. Every bigraph obtained from a
(k, A, u)-random dense bigraph by deleting < p edges from each vertex
is also a (k, A, p)-random dense bigraph.

v
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Existence, uniqueness, homogeneity

Fact
If kK<# = k then there is a (k, 2", p)-random bigraph. J
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Existence, uniqueness, homogeneity

Theorem (Goldstern, Grossberg, Kojman, 1996)

(a) There is exactly one (up to isomorphism) (Rg, Xg)-random dense
bigraph, and it is homogeneous.
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Existence, uniqueness, homogeneity

Theorem (Goldstern, Grossberg, Kojman, 1996)

(a) There is exactly one (up to isomorphism) (Rg, Xg)-random dense
bigraph, and it is homogeneous.

(b) Every homogeneous (k, \)-bigraph which is neither empty nor
complete is either a perfect matching or its complement or a

(k, A)-random dense bigraph (of course, when x # A, only the latter
option remains).
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Existence, uniqueness, homogeneity

Theorem (Goldstern, Grossberg, Kojman, 1996)

(a) There is exactly one (up to isomorphism) (Rg, Xg)-random dense
bigraph, and it is homogeneous.

(b) Every homogeneous (k, \)-bigraph which is neither empty nor
complete is either a perfect matching or its complement or a

(k, A)-random dense bigraph (of course, when x # A, only the latter
option remains).

(c) There is a (k,2")-random dense bigraph for every infinite cardinal
K.

(d) (-CHAMA) For every k < ¢ there is unique (X, x)-random dense
bigraph up to isomorphism.
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Existence, uniqueness, homogeneity

Theorem (Goldstern, Grossberg, Kojman, 1996)

(a) There is exactly one (up to isomorphism) (Rg, Xg)-random dense
bigraph, and it is homogeneous.

(b) Every homogeneous (k, \)-bigraph which is neither empty nor
complete is either a perfect matching or its complement or a

(k, A)-random dense bigraph (of course, when x # A, only the latter
option remains).

(c) There is a (k,2")-random dense bigraph for every infinite cardinal
K.

(d) (-CHAMA) For every k < ¢ there is unique (X, x)-random dense
bigraph up to isomorphism.

(e) (25" > 2%) There are 2% -many nonisomorphic (, x*)-random
dense bigraphs.
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Universality

Theorem

Every (k1, A1)-bigraph for k1 < g and A\; < p can be embedded in any
(K, A, u)-random bigraph.
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Theorem

Every (k1, A1)-bigraph for k1 < g and A\; < u can be embedded in any
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Factorization

Theorem

(a) Every (k, k, k)-random dense bigraph has a perfect matching.
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Factorization

Theorem

(a) Every (k, k, k)-random dense bigraph has a perfect matching.
(b) Every (k, k, k)-random dense bigraph has a 1-factorization, i.e. its
set of edges can be partitioned into disjoint perfect matchings.
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A partition property for graphs

P:  for every partition of the set of vertices of G into finitely many
pieces at least one of the induced graphs is isomorphic to G.
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A partition property for graphs

P:  for every partition of the set of vertices of G into finitely many
pieces at least one of the induced graphs is isomorphic to G.

Theorem (Cameron)

The only countable graphs with the property P up to isomorphism are
the empty graph, the complete graph and the Rado graph.
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A partition property for tournaments

P:  for every partition of the set of vertices of T" into finitely many
pieces at least one of the induced tournaments is isomorphic to 7.
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A partition property for tournaments

P:  for every partition of the set of vertices of T" into finitely many
pieces at least one of the induced tournaments is isomorphic to 7.

v

Theorem (Bonato, Cameron, Delié, 2000)

The only countable tournaments with the property P up to
isomorphism are the random tournament, and tournaments w® and
(w)* for 0 < o < wy.
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A partition property for digraphs

P:  for every partition of the set of vertices of G into finitely many
pieces at least one of the induced digraphs is isomorphic to G.
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A partition property for digraphs

P:  for every partition of the set of vertices of G into finitely many
pieces at least one of the induced digraphs is isomorphic to G.

Theorem (Diestel, Leader, Scott, Thomassé, 2007)

The only countable digraphs with the property P up to isomorphism
are the empty digraph, the random tournament, tournaments w® and
(w*)* for 0 < o < wy, the random digraph, the random acyclic digraph
and its inverse.

o
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A partition property for bigraphs

P:  for every partition of the set of vertices of G into finitely many
pieces at least one of the induced sub-bigraphs is isomorphic to G
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A partition property for bigraphs

P’: for every partition of the set of vertices of G into finitely many
pieces that each induce (R, Rg)-bigraphs at least one
of the induced sub-bigraphs is isomorphic to G.
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A partition property for bigraphs

P’: for every partition of the set of vertices of G into finitely many
pieces that each induce (R, Rg)-bigraphs at least one
of the induced sub-bigraphs is isomorphic to G.

Lemma

Let p be a regular cardinal and v < p. Let {V,, : v < v} be a partition
of the set of vertices of (k, A, u)-random bigraph such that each V, has
at least p vertices on each side. Then at least one of the induced
sub-bigraphs is (K1, A1, u)-random for some k1 < k and A} < A.
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A partition property for bigraphs

P’: for every partition of the set of vertices of G into finitely many
pieces that each induce (R, Rg)-bigraphs at least one
of the induced sub-bigraphs is isomorphic to G.

Lemma

Let p be a regular cardinal and v < p. Let {V,, : v < v} be a partition
of the set of vertices of (k, A, u)-random bigraph such that each V, has
at least p vertices on each side. Then at least one of the induced
sub-bigraphs is (K1, A1, u)-random for some k1 < k and A} < A.

Lemma

The (Ng, Ng)-random dense bigraph does not satisfy P’.
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A partition property for bigraphs

P’: for every partition of the set of vertices of G into finitely many
pieces that each induce (R, Rg)-bigraphs at least one
of the induced sub-bigraphs is isomorphic to G.

EXAMPLE
S=(X,Y,E) is defined by X = {z, :n € w}, Y ={y, : n € w} and
E ={z,y0: n € w}. S, S* and their complements have P’.
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A partition property for bigraphs

P’: for every partition of the set of vertices of G into finitely many
pieces that each induce (R, Rg)-bigraphs at least one
of the induced sub-bigraphs is isomorphic to G.

EXAMPLE
S=(X,Y,E) is defined by X = {z, :n € w}, Y ={y, : n € w} and
E ={z,y0: n € w}. S, S* and their complements have P’.

Theorem

The only (Rg, Rg)-bigraphs with the property P’ up to isomorphism are
the empty (Rg, Rg)-bigraph, the complete (R, Xg)-bigraph, the bigraphs
S and S* and their complements.

v
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More partition properties

Theorem

Let X = XoU X7 and Y = Yy U Y7 be partitions of sides of the
(No, Ng)-random dense bigraph G into infinite subsets.
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More partition properties

Theorem

Let X = XoU X7 and Y = Yy U Y7 be partitions of sides of the
(No, Np)-random dense bigraph G into infinite subsets.

(a) There is i € {0,1} such that the sub-bigraph induced by X; UY; is
(No, Ng)-random.
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More partition properties

Theorem

Let X = XoU X7 and Y = Yy U Y7 be partitions of sides of the

(No, Np)-random dense bigraph G into infinite subsets.

(a) There is i € {0,1} such that the sub-bigraph induced by X; UY; is
(No, Ng)-random.

(b) There is j € {0,1} such that the sub-bigraph induced by X; UYj is
(No, Ng)-dense.
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More partition properties

Theorem

Let X = XoU X7 and Y = Yy U Y7 be partitions of sides of the
Ng, Np)-random dense bigraph G into infinite subsets.
) There is ¢ € {0, 1} such that the sub-bigraph induced by X; UY; is
Ng, Np)-random.
) There is j € {0,1} such that the sub-bigraph induced by X; UYj is
Ng, Np)-dense.
) There are i, j € {0,1} such that the sub-bigraph induced by X; UY}
is (Np, Np)-random dense and hence isomorphic to G.

(
(a
(
(b
(
(c
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