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RB =[xyx = x| variety of rectngular bands
Z,=|xy=x] variety of left zero bands
Z. =|xy=y] varietyof right zero bands

N, =[x=1y] variety of trivial semigroups



> =[x? = x,xy = yx| variety of semilattices
LN = [x2 = X, ZXY = zyx] variety of left normal bands
RN = [x2 = X, XyZ = yxz] variety of right normal bands

NB =[x = x, zxyw = zyxw] variety of normal bands



METHODS OF CONTRUCTING NEW
SEMIGROUPS & SEMIGROUP
VARIETIES



NILPOTENT EXTENSIONS

A semigroup S Is said to be an n-nilpotent extension
of the subsemigroup S™if S"* = S" n>?2

where S" is the set of all products of n elements

For any semigroup variety V, we denote by
V' ={s:8" eV
the variety of all n-nilpotent extensions of V



N-INFLATIONS
A semigroup S is called a n-inflation of the

subsemigroup S" if there existst a retractive
endomorphism f : S — S" such that

a,..a, =f(a)...f(a,) foralla,...,a, €S.

For any semigroup variety V, we denote by
V=" = {S:S” = f(S) ev} the variety of all
n-inflations of members of V



(n,m)-CONSTRUCTIONS

For any semigroup variety V, and any ordered pair
(n,m) of non - negative integers, the class

vitm = !s:5/0(n,m) eV}

forms a variety, and the mapV Vv ("™

forms an injective endomorphism
on the lattice of all semigroup varieties.




THE (1,0)-CONSTRUCTION CASE

Let (I",*) be a semilatticeand {S_ :a T} be a family
of pairwise disjoint sets indexed by I"such that
foreach (a, ) e I'xI" thereexistsamap @, 5:S, > S,.4

such that

By fPanpy = Do puy TOralla, B,y
Ontheset S=U{S, :a eI} define a binary operation
aeb=ag, .

Then (S,¢) forms a semigroup from 3% . Conversely,
every semigroup In this variety Is constructed that way.



SQUARE EXTENSIONS OF SEMILATTICES
Let (T',*) be a semilatticeand {S_ :a eI} be a family
of pairwise disjoint sets indexed by I such that
foreach (o, B) e ' xI' there map g, ,:S, = S,.5
which satisfy the following conditions :

() By 5Poip, =0y 5., TOralla, B,y el

() «aeS, forallael

() (@), p=a*p

(v) (@)¢,,=caforallacS, ,ael

Ontheset S=U{S, :a eI} define a binary operation
aeb=ag, ;,foranyaeS, beS,.

Then (S,e) forms a semigroup which we refer to as
[associative] square extension of a semilattice.



The concept of (associative) square extension of an
iIdempotent groupoid (semigroup) was introduced by
A.W.Marczak and J. Plonka

See Reference below :

Novi Sad J. Math.

Vol. 32, No.1, 2002,159-166

A NOTE ON SQUARE EXTENSIONSOFBANDS
lgor Dolinka



IDENTITIES FOR NEWLY
CONSTRUCTED SEMIGROUPS &
VARIETIES



IDENTITIES FOR NILPOTENT EXTENSIONS
For any varietyV of semigroups, the class
V= {S :S" ev} forms a variety
such that If
V =[P(X,... % ) = Q(X;..x, )]
then
V" =[P(X,,.... X, ) =0Q(X,..X )]
where X; =y, ...y; ,1=1...k wherey;, =vy;
If andonlyif 1= jandt=k



IDENTITIES FOR 2-INFLATIONS

For any variety V of semigroups, the class
IfV =[P(x, %) = Q% X )]

and If either P(Xy,...,X,) or Q(Xy,...,Xy)

Is a word of length 1 then

ZP (%, X ) = ZQ(X.. %)
PO X)) 2= QX Xy ) Z

Z&{X,,., X }.
Keep all identities formed by words of length >1

V<2> .




IDENTITIES FOR (1,0)-CONSTRUCTION

For any variety V of semigroups, the class
v 0= 15 :5/0(1,0) eV } forms a variety.

If -V =[P(X,e ) = Q%% )]
then

V(l,o) — [ZP(X]_,;XI() — ZQ(Xlxk)]
where z ¢{X,,..., X, }.



IDENTITIES FOR SQUARE EXTENSIONS
For any variety V of bands, the class
Vi {s:s¥ eV |
forms a semigroup variety such that If




SOME EXAMPLES ....



[Igor Dolinka, 2002].
Every square extension A of a
rectangular band I is an inflation

of I.

Result. A semigroup is a square
extension of a semilattice if and only
if it satisfies the pair of identities

7x° = zx and x°y® = y“x°



Consider this variety
of semigroups
comprised of all

SQUARE
EXTENSIONS OF
SEMILATTICES.

7X° = 7X
_X2y2 _ y2X2
7X° = 7X
_ X2y2 _ y2X2
ZXY = ZYX
7X° = 7X
g p—
27Xy = 7yx_




Consider the variety of all

2-INFLATIONS OF
SEMILATTICES

Z<2> _

N

7X°% = 7X
X%7 = X°7
Xy = YX
ZX% = 7X,
X°Z = XZ

X2y2 _ y2X2

ZX ZX

_X2y2 _ y2X2_



The variety L, is precisely the class of all associative
square extensions of semilattices

The variety Y% is precisely the class of all
(1,0) - constructed semigroups using semilattices

The variety > ** of all 2-inflations of semilattices and the variety
of all 2- nilpotent extensions of semilattices coincide



VARIETIES CONSTRUCTED USING
SEMILATTICES

ZZ _ Z<2> - L2 - 2(1,0)

where
> = [zx2 = ZX,X°Z = XZ, Xy = yx]
2 - Inflations of semilattices

— [09)? = xy, (xy)(wz) = (Wz)(xy) ]
2 - nilpotent extensions of semilattices



VARIETIES CONSTRUCTED USING
NORMAL BANDS

NB? = NB<%

NB<%> = [zx2 = ZX, X°Z = XZ, ZXyW = zyxw]
2 - Inflations of normal bands

B2 | (¥)° =Xy,
(ab)(xy)(wz)(cd) = (ab)(wz)(xy)(cd)_
2 - nilpotent extensions of normal bands




SUBVARIETY LATTICES



The lattice of all
subvarieties of
the variety of all

SQUARE
EXTENSIONS OF
SEMILATTICES

N

2




<2> Nilpotent extensions of
semilattices

N Z Semilattices

2

Null semigroups

Trivial Semigroups



N, Tischenko (2007)

11/06/2013



MELNIK: All varieties of 2-nilpotent
extensions of rectangular bands

RB* =[(ab)(xy)(ab) = ab]

RB®9) = [zxyx = zX] RBOY =[xyxz = xz]

Z, =[zxy=1zx]

NEO = [zx = zy]



PETRICH: Joins of 2-nilpotent extensions of rectangular
band varieties with the semilattice variety

> vRB 0 " EZVRBMP




All varieties of 2-nilpotent extensions of hormal




All varieties of square extensions

of semilattices ’ L,
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Lemmal Z,vL,=>%9
Proof. For any semigroup S in X9 the

Greens relation L forms a congruence on S

and the relation

vy ={(a,b):a* =b*,a,b S}

forms a congruence on S such that L ny =1..
Since S/Le L, and S/y € LN, we conclde that
>E) - LLvIN=L v(vZ,)=L,vZ,

The equality holds since the reverse inclusion
also holds trivially.



Lemma2 (ZMP vY)vL, =LN®Y
Proof.
(ZFVvE)V L =2 v (Evly)
=2 v L,
= (Zzgl’o) vZ,)vL,
=z (z,vL,)
:Zﬁva@m
=(Z, vX)*?
=LN®9



Lemma3 (Z"Pv3Y)vL,=RN®?
Proof.

(ZFVvE)IVL =270 v (Evly)
=Z&0 v L,
= (2 vZ)v L,
=z (Z,vL,)
_ Zr(1,0) v Y0
=(Z, v2)*?
= RN Y



Llemma4 (RBY vY)v L, =NB®HO
Proof.
(RB? v ¥)v L, =RB v (ZvL,)

=RBH? y L,
=(RB" v Z,)v L,
=z (z,v L)
_ RB(l’O) \/ 2(1,0)

= (RBv Y)Y
=NB™?



Lemma 5 L. VvIL,= [zx* = zx,xyz = yxZ ]

/

Prootf.






(1,0) construction of normal







CONIJECTURE



For each integer n > 2 define the following families of
semigroup varieties :
Z(Xl"'xn—l)2 = Z(Xl"'xn—l)

_Xnyn — ynxn

| —

n

n _ (- X0)? = (% X,)
(X X ) (Ve Yn ) = (Ve Yn ) O %)

- 2
Z(Xy-Xng)® = Z(Xq.. Xpq)

(Zn—l)(l,O) _
| Z(% X ) (Vi Y1) = Z(Y2e Yoo ) (X X 1)

SO that
Zn - Ln - (Zn—l)(l,O)



